Salih & Salih Iragi Journal of Science, 2015, Vol 56, No.1C, pp: 833-838

Iraqi
Journal of
Science

ISSN: 0067-2904
GIF: 0.851

On Jordan Generalized Reverse Derivations on I'-rings

Salah Mehdi Salih, Marwa Riyadh Salih”
Department of Mathematics, College of Education, AL-Mustansirya University, Baghdad, Iraqg.

Abstract

In this paper, we study the concepts of generalized reverse derivation, Jordan
generalized reverse derivation and Jordan generalized triple reverse derivation on I'-
ring M. The aim of this paper is to prove that every Jordan generalized reverse
derivation of I'-ring M is generalized reverse derivation of M.
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1. Introduction

The concepts of a I'-ring was first introduced by N.Nobusause [1] in 1964, this T'-ring is
generalized by W.E.Barnes in a broad sense that served now — a day to call a T"-ring.
Let M and T" be two additive abelian groups. Suppose that there is a mapping from M XI'xM—M(the
image of(a,a,b) being denoted by aab, a, be M and a.el) satisfying for all a, b, c € M and o, €T
i) (a+b) o c = aac + bac

a(a + B) c=aac + ac

ao(b + c) =aob + aac
ii) (aab)pc = aa(bpc)
Then M is called a I'-ring. [2]
Throughout this paper M denotes a I'-ring with center Z (M) [3], recall that a -T'ring M is called prime
If al'MI'b= (0) implies a=0 or b=0 [4], and it is called semiprime if al'MI"a= (0) implies a=0[6], a
primI"-ring is obviously semiprime and a I'-ring M is called 2-torisiofree if 2a=0 implies a=0for
every a< M [5],an additive mapping d from M into itself is called a derivations if d(acb)=d(a)ab +
aod(b),for all a, be M ,a €T, [7] and d is said to be Jordan derivation of a T"-ring M if d(acia)=
d(a)aa + aad(a),for all a, b € M ,a € T, [7].A mapping f from M into itself is called generalized
derivation of M if there exists derivation of M such that
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f (acb)=f(a)ab +aad(b), for all a, b € M, a € T',[8]. And f is said to be Jordan generalized derivation
of I'-ring M if there exists Jordan generalized derivation of M such that f (aca) =f (a) ca +aad (a) for
allae Mand a €T, [8].
Bresar and Vukman, [9] have introduced the notion of a reverse derivation as an additive mapping d
from aring R in to itself satisfying d (xay) = d(y) ox +yad(x) for all X,y € R.
M. Samman, [10] presented study between the derivation and reverse derivation in semiprime rings R.
Also it is shown that non-commutative prime rings do not admit a non-trivial skew commuting
derivation.
We defined in [11] the concepts of reverse derivation of I'-ring M d(xay) = d(y) ox + yad(x) for all
Xy EMoaEl
2. Generalized reverse derivation of I'-ring:

In this section we introduce and study the concepts of generalized reverse derivation, Jordan
generalized reverse derivation and Jordan generalized triple reverse derivation of I'-ring.
Definition 2.1

Let M be a I'-ring and f: M — M be an additive mapping then f is called generalized reverse
derivation on M if there exists a reverse derivation d: M — M such that
f(xay) = f(y)ox + yod(x) ...... 1)
f is said to be a Jordan generalized reverse derivation of M if there exists a Jordan reverse
derivation such that f(xax) = f(xX)ox + xad(x) ...(2) forevery x €M and ael’
f is said to be a Jordan generalized triple reverse derivation of M if there exists Jordan triple higher
reverse derivation of M such that:
f(xaypx) = f(X)Bxay + xBd(y)ax + xByoad(x) .....(3)
Example 2.2.

Let f be a generalized reverse derivation on a ring R then there exists a reverse derivation d of R
such that f (xy) = f(y) x +y d(x)
We take M = My,»(R) and I = then M is T"-ring.
We define D be an additive mappings of M such that D (a b) = (d (a) d (b)) then D is reverse
derivation of M.
Let F be additive mappings of M defined by F (a b) = (f(a) f(b)) Then F is a generalized reverse
derivation of M.
It is clear that every generalized reverse derivation of a I'-ring M is Jordan generalized reverse
derivation of M, But the converse is not true.
Lemma 2.3.

Let M be a T"-ring and let f be a Jordan generalized reverse derivation of M then forall x,y,z € M
anda,p € TI', the following statements hold:
i) f(xay + yax) = f(y)a X + yod(X) + f(x)ay + xad(y)

ii) f(xayPx+ xByax) = f(x)Bxoy +xPd(y)ox + xByad(x) + F(x)axBy + xad(y)Bx +xaypd(x)
i) F(xoryo)=F(x)oxay+ xad(y)ax+ xayoud(x)

iV)f (xayaz +zayox) = fZ)axay + zad(y)ax +zayad(x)+ f(x)azay + xad(y)oz + xayad(z)
V)f(xayBz) = f(z)Bxay + zBd(y)ox + zByad(x)

vi)f (xayPz + zaypx) = f(z)Bxay + zpd(y)ax + zByad(x)+ f(X)Bzay + xBd(y)az + xByad(z)
Proof:
i) Replace (x +y) for x and y in definition 2.1 (1) we get:
f(x+y)alx+y))=f(xty)a(x+y)+ (x +y)ad(x+y)
=f(x) ax +f(y) ox + f(X) ay + f(y) ay +xad(X) + yad(X) + xad(y) + yad(y) ... @
On the other hand:
f((x + y)a(x +)) = f(xax +xay + yox + yay)
=f(xax + yay) + f(xay + yax)
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= f(X) ax +xad(X) + f(y)ay + yad(y) + f(xay + yox) e (2)
Compare (1) and (2) we get:
f(xay + yoax) = f(y)ax + yad(x) + f(x)ay + xad(y)

ii) Replacing xpy +ypx fory in 2.3 (i) we get:

f(xa(xBy+ypx)+ (XBy + ypx)ox)
= f(xa(xBy) +x a((yBx) + (xBy) ax +(ypx) ax)
= f((xox) By + (xay)Bx + (xBy)ox + (yBx)ox)
=f(y) Pxox+ypd(x) ax+ypxad(x) +f(x)Bxay+xBd(y)ax+xpyad(x)+f(x)oxpy+xad(y)px
+xaypd(x) +f(X) aypx+xad(x) By + xoxpdty) . Q)
On the other hand

f(xa(xBy + yBX) + (XBy + ypx)ax)
= f(xoxBy + XayBXx + XByox + ypxox)
= f(xoxBy + ypxax) + f(xaypx + XByax)
=f(y) Bxax + ypd(x) ax + ypxad(x) + f(x)aypx + xad(X)By + xaxpd(y) +f(xaypx + xpyax) .....(2)
Compare (1) and (2) we get the require result.
iii) Replacing o for  in 2.3 (ii) we have:
f(xayax + xayox) = 2(f(xayox))

=2(f(x) oaxay+xad(y) ax+ xayod(x))

Since M is 2-torsion free then we get:
f(xayax) = f(x)ayox +xod(y)ox + xayad(X)

iv) Replace (x+z) for x in 2.3(iii) we have:
f(x+z)ayo(x+2))
=f(x+z)a(x+z)ay+(x+z)od(y) o(x+2)+(X+z)yod(x+2)
=f(X)axay + f(z2)axay + f(X)azay + f(z)azay+xad(y)ox+zad(y)ox+xad(y)az+zoad(y)az +xayod(X)
+ Xayad(z) + zayoad(X) + xayod(z) + zayad(z) (D)

On the other hand
f(x+2)aya(x+2))
= f(Xayox + Xoyoz + zayox + zayoz)
=f(xayox + zayaz) + f(xayaz + zoyox)
=f(X)axay + xad(y)ax + xayod(x) + f(z)azay + zad(y)oz + zayad(z) +f(xayaz + zoyox) ....(2)
Compare (1) and (2) we get:
f(xayaz + zayax) = f(z)axay + zad(y)ax + zayoad(x) +f(X)azay + xad(y)az + xayad(z)

v) Replace (x+z) for x in definition 2.1(3) we have:
f((x+2)ayB(x+2))
=f(x+2) B(x+z)ay+(x+2)Bd(y)a(x+2)+(x+z)Byad(x+2)
=f(x)pxay +f(2)Bxay + fX)Bzay + f(2)Pzay + XxPBd(y)ax+zpd(y)ax + Xxpd(y)az + zBd(y)az
+XByod(X)+xByad(z)+zpyad(X) + zByad(z) (D)

On the other hand
f((x+z) oy B (x+2))=f(xaypx+xoypz+zoypX +zaypz)
= f(xaypx + zaypx +zayPz) + f(xaypz)
=f(x)Bxay + xpd(y)ax + xByad(x) + f(x)Bzay + xBd(y)az +xByad(z) + f(z)Bzay + zpd(y)az +
ZByad(z) + f(xaypz) ....(2)
Compare (1) and (2) we get
f(xayBz) = f(x)Bzay + xpd(y)az + xPyod(z)
vi) Replacing x+z for x in definition 2.1(3) we have:
f (x+2)ayB(x+2))=f(x+2)B(x+2)ay + (x+2)Bd(y)a(x+2) + (x+z)Byad(x+2)
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=f()Bxay + f(Z)Bxay + f(X)Bzay + f(z)pzay + XPd(y)ax + zBd(y)ax + xpd(y)az + zBd(y)oz
+XByad(X) + zByad(x) + xByad(z) + zByad(z) ...(1)
On the other hand:
f(x+2)ayp(x+2))
=(Xaypx+xaypz +zaypx+zaypz)
= f(xaypx + zaypz) + f(xaypz + zaypx)
=f(X)Bxay+xpd(y)ax+xByad(x)+ (Xaypz +zoypXx) ....(2
Compare (1) and (2) we get the require result.
Definition 2.4

Let f be a Jordan generalized reverse derivation of a I'-ring M, then for all x,yeM and a.eI” we
define:

55 V) e = fxay) - ) ox _yad(¥)

In the following lemma we introduce some properties of 8(x’ ¥
Lemma 2.5
If f is a Jordan generalized reverse derivation of I"-ring M then for all x,y ,z € M ando.,p €T

i) 5(17; V- _SE}’,Ija
ii) 5(1’- + .}IJZ)Q: (I,Z)a_'_ C}’:zja
i) sV T 2o (6 ay 5(62)a

vy 5o Ve 5630, 56V

Proof:

i) By lemma 2.3 (i) and since f is additive mapping of M we get:
f(xay + yox) = f(y)ox + yod(x) + f(xX)ay + xod(y)
f(xay)+(yox)=(f(y)ox+yad(x))+ (f(x)ay +xad(y))
f(xay)-f(y)ax - yod(x) = -f(yax) + f(xX)ay +xad(y)
f(xay)-f(y)ox-yad(x) = -(f(yax) - f(x)ay - xad(y))

8(x, y]a - _SB’J x)a

(¥ TV Dazg((xay)ar)-(@atxsy) +zadx+y)
= f(xaz + yaz) - (f (z) ax + f(2) ay + zad(x) + zad(y))
Since f is additive mapping of the T"-ring

=f(xaz)-f(z) ax - zad(x) + f(yaz) - f (2) ay -zad(y)

= S(XJz)a+ 5(}’!3]&

i) 56 Y F 2 axixo(y+2))-((y+2) ax +(y+2) ad(x)
= f(xay)-f(y) ax-yad(x) + f(xaz) - f (z) ax - zad(x)

=56 V), (0 2],

s YD g ey y)-(R) (04B) X+ ¥ (04B) AOX)

= f(xay+xBy)—(f(y) ox + f(y) px + yad(x) + ypd(x))
Since f is additive mapping of al"-ring

=f (xay) - f(y)ox - yad(x) + f(xBy) - f(y)Bx - yBd(x)
= 5{:1:; y)a.,. 5(1:" :}’]ﬁ

Remark 2.6.
Note that f is generalized reverse derivation of a I"-ring M if and only if d(x,y)a =0 forall x,y €
M,a €T
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3. The main result
In this section we present the main results of this paper.

Theorem 3.1
.Let f be a Jordan generalized reverse derivation of M then 5(x,y)a. =0 for all X,y € M, a €T
Proof:
By lemma 2.3 (i) we get:
f(xay + yoax) = f(y)ax + yad(x) + f(x)ay + xad(y) ....(D
On the other hand:
Since f is additive mapping of the T"-ring M we have:
f(xay +yax) = f(xay) + f(yox)
= f(xay) + f(X)ay + xad(y) ....(2)
Compare (1) and (2) we get
f(xay) = f(y)ox + yad(x)
f(xay) - f(y)ox —yad(x) =0
By definition 2.5 we get:
o(x,y)a =0
Corollary 3.2
Every Jordan generalized reverse derivation of I'-ring M is generalized reverse derivation of M.
Proof:
By Theorem 3.1 we get 8(X,y)o. = 0 and by Remark 2.6 we get the require result
Proposition 3.3
Every Jordan generalized reverse derivation of a 2-torision free of a I"-ring M where xaypz =xpyaz
is Jordan generalized triple reverse derivation of M.
Proof:
Let f be a Jordan generalized reverse derivation of M
Replace y by (xBy + ypx) in lemma 2.3 (i) we get
f(x a(xBy +yBx) + (XBY + yBx)o X)
=T ((xa(xBy) +xa(ypx) + (xBya) X + (YBX) ox)
= ((xax) By + (xay) px + (XBy) ax +(ypx) ax)
= f(y) Bxox + ypd(xax) + f(x) B(xay) + xBd(xay) + f(x) a(xBy) + xad(xBy) + f(x)a(ypx) + xad(ypx)
=f(y) Bxax + ypd(x) ax + ypBxad(x) + f(x) Pxay + xBd(y) ax + xByad(x) + f(x) axpy + xad(y) Bx
+xayBd(x) + f(X) aypx + xad(x) By + xaxpd(y) ... (1)
On the other hand:

f (xa(xBy + ypx) + (XBy +ypx)ax)
= f(XoxBy + Xaypx +xpyax +ypxax)
= (Xaxy +ypxox) + (Xaypx + XByox) .. (@
Compare (1) and (2) and since xaypz = xpyaz we get
f(xaypx + xaypx) = 2(f(xaypx)) = 2(f(x)Bxay + xpd(y)ax + xByad(x))
Since M is a 2-torision free then we have
f(xaypx)=f(x)Bxay+xpd(y)ox+xpyad(x).
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